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Abstract—In this paper we study the conjugate heat transfer across a vertical wall separating two fluids at

different temperatures. We present a classification of the solutions of the problem in terms of two main

parameters; ¢, the ratio of thickness to height of the wall and «, measuring the ratio of the thermal resistance

of one of the boundary layers to the thermal resistance of the wall. Numerical and asymptotic solutions

are presented for all possible values of . We show that a maximum average Nusselt number or non-

dimensional overall heat flux is attained for values of « much smaller than one, but still large compared
with &2, Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

The importance of heat transfer phenomena associ-
ated with natural convection in boundary layer flows
is well known. Due to its fundamental and practical
importance, the conjugate coupling heat transfer
between two counter-flowing laminar natural con-
vection flows separated by a vertical plate has received
particular attention, and different authors have
developed a variety of approaches aimed at under-
standing the interplay of the physical mechanisms
involved. Various conjugate heat transfer con-
figurations have been studied since the 1970s using
different approximations to deal with the difficulties
assoctated with the simultaneous solution of the flow
and thermal boundary layers and the longitudinal and
transversal heat conduction in the solid. However,
despite the considerable effort invested, the theoretical
and experimental results existing in the literature do
not yet provide a complete solution of this important
problem, which has a bearing on many practical appli-
cations, particularly those related to energy con-
servation in buildings.

The first works on natural convection coupled with
conduction considered surfaces with specified heat
flux or temperature distributions. Thus, Kelleher and
Yang [1] and Lock and Gunn [2] showed that the
temperature distribution on a plate is strongly influ-
enced by the interaction between adjacent boundary
layers. However, a priori specification of temperature

or heat transfer distribution at the wall represents a
serious shortcoming of these analyses. Lock and Ko
[3] introduced a similarity transformation recasting
the governing equations into a form suitable for con-
ventional finite difference techniques. They recognized
the effect of longitudinal heat conduction in the wall
and pointed out that its thermal conductivity may be
high enough to render this effect important in many
practical cases. Anderson and Bejan [4] presented the
first analytical treatment of the problem of counter-
flowing free convection boundary layers separated by
a vertical plate, using a modified Oseen technique.
They considered the contribution of the transversal
heat conduction in the plate, but neglected the longi-
tudinal conduction. Using the same methodological
procedure, Anderson and Bejan [5] studied theor-
etically and experimentally the heat transfer through a
vertical wall surrounded by thermally-stratified fluids.
Viskanta and Lankford [6] applied the superposition
technique developed by Churchill and Ozoe [7] and
concluded that, for ordinary fluids (liquid metals
excepted), the thermal interaction between two lami-
nar convection systems separated by a wall is only
moderate. However, they also suggested that further
investigations should be carried out for cases where
the effect of longitudinal wall conduction is signifi-
cant. Recently, Sakakibara et al. [8] analyzed numeri-
cally the same coupled problem, concluding that
effectively longitudinal heat conduction in the wall is
important when the plate is thick and has a high
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o heat conduction parameter defined in
equation (6)

NOMENCLATURE
C,i  specific heat of fluid i B ratio of boundary layer thermal
g gravity acceleration resistances defined in
h thickness of the plate equation (3)
L length of the plate B; thermal expansion coefficient of
Nu  Nusselt number defined in equation fluid i
(25 e plate aspect ratio
Pr;  Prandtl number of fluid i/, W, stream function for fluid i
Pri=v;p,C,fA e thermal conductivity of fluid i
q; heat flux from fluid i to the wall A thermal conductivity of the
Ra; Rayleigh number of fluid i plate
T.. temperature of the fluid i far from the v, kinematic coefficient of viscosity of
plate fluid i
x,y  Cartesian coordinates, longitudinal P density of fluid i
and transversal, respectively. 0, nondimensional temperature of
fluid / defined in equations (15)
Greek symbols and (16)

0. nondimensional temperature of the
plate defined in equation (14).

thermal conductivity. These authors indicated that the
use of similarity variables to reduce the governing
equations in the numerical calculations is too complex
for this class of problems. Cérdova and Trevifio [9]
used multiple-scales perturbation techniques to ana-
lyze the cooling of a vertical thin plate caused by a
free convective flow ; they showed that, owing to the
finite thermal conductivity of the plate, a longitudinal
temperature gradient appears that prevents a simi-
larity solution of the free boundary layer flow. Indeed,
the mathematical problem is elliptic rather than para-
bolic, even in the high Rayleigh number limit.

In the present paper, a theoretical analysis is con-
ducted of the heat transfer process between two fluids
at different temperatures separated by a vertical wall.
In this configuration we have two counter-flowing
boundary layers, rendering the problem elliptic even
in the absence of longitudinal heat conduction (whose
effect is also included in this work). The conservation
equations reduce to a system of five partial differential
equations with five parameters: the Prandt] numbers
of the fluids, Pr; and Pry, the heat conduction par-
ameter o, which corresponds to the ratio of heat con-
ducted by the plate to the heat convected from the hot
fluid to the plate, ¢, the aspect ratio of the plate, and
finally the parameter, f, relating the two boundary
layer thicknesses. For reference, we note here the cor-
respondence M = f and P = &°/« with the parameters
M and P of Viskanta and Lankford [6].

2. ORDERS OF MAGNITUDE AND
FORMULATION

The physical model under study is shown in Fig. 1.
A thin vertical plate of length L and thickness / sep-
arates two fluids with different temperatures ; the fluid

at the left of the plate (denoted by the subscript I) is
ata temperature 77, and the fluid at the right (denoted
by II) is at a temperature Ty, < T,,. The thermal
conductivity of the solid enables heat conduction both
across and along the plate, whereas two counter-flow-
ing viscous, nonisothermal natural convection bound-
ary layers develop in the fluids owing to the tem-
perature or the corresponding density differences. We
shall be interested in steady-state solutions, and in
particular in the temperature distribution of the plate
and the overall rate of heat transfer.

For fluids with Prandtl numbers of order unity or
larger, the characteristic thicknesses of both thermal
boundary layers are

AT \V4 AT \'*
~ L ~ L2
d <Ra,AT,> and on L<RalIATII) ’

where Ra, > | are the Rayleigh numbers defined by
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Fig. 1. Schematic diagram of the physical configuration
studied.



Heat transfer across a vertical wall separating two fluids at different temperatures

3
= gpATL piCp,-’ )
vid,

AT = Ty, — Ty1,, and AT; (i = I,1I) are the charac-
teristic temperature changes in the fluids, determined
below. Here, g is the acceleration of gravity; p;, C,,
B, v; and A, are the density, specific heat (at constant
pressure for a gas), coefficient of thermal expansion,
kinematic coefficient of viscosity and thermal con-
ductivity of fluid i, respectively.

The orders of magnitude of the heat fluxes across
the boundary layers in the fluids are

LAT*Ral"
LAT'®

AnATi* Rayi*
LAT'

>

0 and gy~

@

and by equating these two estimates we obtain the
following relationship between the characteristic tem-
perature changes in both fluids:

. Ay Ra \"*
with = 7 < Raﬂ) E

ATy

475
AT, B

In addition, the transversal heat flux across the wall
must be of the same order of magnitude as the heat
fluxes in the fluids ; that is

AT Rai"
LAT'™

AWAT,
~ v w 4
- @
where /,, is the thermal conductivity of the plate and
AT, is the characteristic temperature change across
the plate. Relation (4) can be recast in the form

g2 AT
AT~ T (5)
where
, A B
e=h/L«1 and a:TIZRa[ 178, ©)

To see the significance of o/e’, we note that
AT+ AT+ AT, = AT and use relations (3) and (5)
to obtain the following relationship for AT, :

A\ (AT\YS (AT,
(;) a+p )(’H) +<AT>~ L. N

The first term in (7) is much larger than the second
for large values of the parameter o/e?, giving

AT, ! «1 for Zx1;@®)
_— or —>1:
AT (a/62)(1+ﬂ4/5)5/4 62 ’

i.e. the transversal temperature variations in the solid
are very small, of order &%/ at most, for large values
of a/e’. On the contrary, for very small values of a/e?

(and f bounded), the first term in (7) is much smaller
than the second which, along with equation (5), gives
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In this limit most of the transversal temperature drop
occurs in the solid.

In order to ascertain the effect of longitudinal heat
conduction on the overall heat transfer process, we
must compare the heat transfer by conduction along
the solid, of order #(4,AT.,/L) (with AT, denoting
the characteristic temperature change along the solid),
with the heat transfer from the fluids to the solid,
of order Lg; ~ L(4,AT,/h) [using equation (4)]. The
ratio of the two is R ~ ¢’AT;, /AT, or, using relation-
ship (8),

R~ (14 por5ysis AT

AT (10)

for % > 1,
¢
which is independent of ¢ in this limit. Thus the ratio
AT,,/AT should be of order 1/(a(1+ g*°)**) for the
longitudinal conduction to matter but, since it cannot
be larger than one, the effect of longitudinal con-
duction is negligible (except in small regions close to
the edges of the plate ; see below) for values of « such
that o « 1/(14 %), This result, in turn, justifies
the use of (8) to obtain (10), because longitudinal
conduction is clearly negligible (R « 1) before «
decreases to become of order ¢°. In the opposite limit,
a(l+ %)% » 1, longitudinal conduction is domi-
nant. Since R cannot be large, relation (10) then

implies

ATy, 1
AT O((l +ﬁ4,’5)5/4

Finally, we write two estimates of the overall heat
flux or Nusselt number that will guide us through the
analysis that follows. From (4) and (8) or (9), we
obtain

« 1 in this limit.

(1

qL Ral* o
AT (14 ) for 2 » 1 (12)
and
gL  Ra}*a « , ,
AT B for 2 o). (13)

Therefore the non-dimensional overall heat flux or
overall Nusselt number does not depend on « or & for
large values of a/¢?, whereas it decreases with o/s for
values of /¢ of order unity.

Let us introduce the nondimensional variables

. Tw - Tlloo

z==, 0, = 14
Tloo—THoo ( )

for the solid, where x is the vertical distance along
the plate measured from its upper edge and y is the
horizontal distance from the middle of the plate ; the
variables
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=1 Ra]"*(y—h/2)
N

Ly
] 12 Ny =T
f . = f=—"—""" (15
100, 1) v]Rall'4Xi?"4 : Ty, — Ty, >

for the downward moving fluid in the boundary layer
at the left of the plate; and

Rai{*(y+h/2)
t=1=% mm=—-—"—",
Ly
Y Tn—Ty.,.
M) = Oy =t (16
JuQss 1) v Ral 1 T — Ty, (16)

for the upward moving fluid in the boundary layer at
the right of the plate. Here f; and f;, are the scaled
stream functions in the respective fluids.

The Laplace equation describing the heat con-
duction in the solid is

a0,

oy & 97

a7

and the boundary conditions at the adiabatic edges of
the wall are

a0,

M (18)

%=0.1

At the interfaces solid~fluid (z = +1/2), continuity
of the temperature and the heat flux gives

1=6,00,m = 0) = 0,(x,z = 1)2)

21 90
and d - _5 - bt (19
0z |, oyt o 1y=0
and
Ot =0) =0, (1 —y,z = —1/2)
W 82 i 00![
and = — 20
0z |._ _1n af v o =0 0

The nondimensional longitudinal momentum and
energy equations for both fluids take the form
(i=LII)

&, 1 o\ 3,
on} Pri|2\on;) ¥ on?
of, &fi  of: 0
= — 21
x[ﬁm oxon: 0% on? @l
%6, L. 06, of, ¢6,  of, a6,
R A NIV o LReC i Ui 22
on? o on, ’[611,- o o @nj @2
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with the boundary conditions

f'—%—o t 0 23

== g =0 23)
o

9i=5';:() for 5, — o0, (24)

in addition to the conditions (19) and (20). The initial
conditions for equations (21) and (22) at y; = 0 and
yxu = 0 are the well known self-similar solutions of
these equations without the terms proportional to ..
The solution of the problem (17)—(24), for which some
numerical results have been presented in ref. [8],
should provide

0. = Flo, B, e, Pry, Pry,y,2)

and the overall Nusselt number

Nu = 2E 25)
U=,
LAT (23
where
_ ilRa,'"“ATj‘ 06, dx,
§= -7 3 —1s
L o Omlo 1™
- ~_}“I‘R“III’AATJ’ Dul w5
L o Ofulo i

We notice here for reference that the overall heat
flux g from fluid 1 to the wall coincides with the heat
flux from the wall to fluid II, owing to the adiabatic
conditions at the edges of the plate.

In the remainder of this paper we classify the solu-
tions according to the value of «, taking advantage of
the fact that £ is very small in general. For large values
of «/e* the transverse temperature variations in the
plate are very small and the plate temperature can be
assumed to be a function of the longitudinal coor-
dinate y only. (It is to be noted that neglecting the
transverse temperature variations does not mean neg-
lecting the transverse temperature gradient, which is
always retained in the analysis.) In Section 3 we pre-
sent numerical solutions of this problem for & = O(1)
and analyze the limits of large and small values of
o using asymptotic and numerical techniques. The
temperature variation across the plate must be taken
into account for a/e* of order unity, but the longi-
tudinal heat conduction is then negligible, except in
small regions close to the edges of the plate. Numerical
solutions for this case are presented in Section 4, and
the asymptotic limits of large and small values of o/é’
are analyzed.

3. CASE ¢~ 0 WITH a FINITE

In this case the non-dimensional transverse tem-
perature variations in the plate are very small, of order
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£*/o. Integrating the energy equation (17) across the
solid and applying the boundary conditions (19) and
(20), we obtain

adz"w_L% 1 6y,
d*  x'* Omiyme BA—) Oy o’
(27)
with
1=6, (¢, m = 0) = O (1 —xu, 1 = 0) = 0,.(x).
(28)

The problem (18), (21)—(24), (27) and (28) has been
solved numerically. For this purpose, the non-
dimensional wall temperature 8, was computed from
equations (27) and (18) by means of a pseudo-tran-
sient procedure that amounts to writing equation (27)
in the form

, %6
it R VS A T it
5r — =0 e

0,

x'¢ 00y
()t
(= ony 0

+—_
B Ony

0

and marching in the artificial time 7 until a steady state
is attained. The nondimensional heat fluxes (96,/01n,),
were obtained at each time step, in terms of the instan-
taneous wall temperature distribution, by solving the

boundary layer equations with a standard finite
difference method.

3.1. Asymptotic limit o —»

The asymptotic solution of the problem for large
values of « is important because it is applicable to
many practical cases of metallic plates in air or water.
For « > 1 the nondimensional temperature of the
plate changes very little in the longitudinal direction.
In fact this change is of order ™' as shown by the
order of magnitude estimate (11). Neglecting such a
small quantity in the first approximation, the tem-
perature of the plate can be approximated by an
unknown constant &.,. and the flows in the boundary
layers are then self-similar, of the form

h=0 —Hwo)]’%g[(l _HWO)IM']lv Pri],
0 = (1 =0,0)dl(1—=040) "1y, Pry], (29)

and

Ju= 9\1/643[9&/6471117P”11]a O = 9w0¢[9v1v64'7m Pry],
(30)

where g(&, Pr) and ¢(&, Pr) are the solution of the
classical problem

d’g 1 {1/dg\* 3 d’g
=545\ 5) gt
dés Prl|2\dé 4% g¢?

(31

2235
d’¢ , do_
@ LT 0, (32)
d
g0 =F  =e0-1=0,
Sle=0
and i—g = ¢p(0) =0, (33)

and use has been made of the invariance of equations
(31) and (32) under the group of transformations
g=B"g ¢ = Bg, and ¢ = B~"*¢, with B arbitrary.

The solution of equations (31)-(33) can be found
elsewhere (Kays and Crawford, [10]). In particular,
the nondimensional temperature gradient at the wall
is given by the very good correlation

d¢ R
?ﬁ y = —~G(Pr) = _4|:

2Pr,5 1:4
14+2Pr242pPr, |

(34)

The unknown 8,,, can be found by using equations
(29), (30) and (34) to evaluate the right hand side of
equation (27) and then integrating this equation over
y with the boundary conditions (18). The result is

1
1 + <—G1>4,’5

BG;
where G, = G(Pr;). Assuming that the Prandtl num-
bers of the two fluids are of the same order, we can
see that 8., — 1 for large values of § and 6,, — 0 for
small values of . The two limits correspond to the
cases where the thermal resistance of the very thin
boundary layer of fluid I or II, respectively, is neg-
ligible and the temperature of the plate is very close
to T).. or to Ty,. In the particular case in which the
fluids at both sides of the wall are the same, f = 1 and
0.0 = 1/2. Once 8,, is known, the total heat transfer
rate given by equation (26) and the overall Nusselt

number given by equation (25) can be evaluated,
giving

Ow() = (35)

Nu=1G\(1—0,,)"*Ral™. (36)

This result can be improved by computing the next
term in an expansion of the solution in powers of &~ ".
Such calculation is summarized in the Appendix and

gives the correction factor

[1+a~'F(Pr,, Pry, B)] 37

for the Nusselt number equation (36), with F given by
equation (A13). The resulting approximation turns
out to be very good, even for « of order unity.

3.2. Asymptotic limit a - 0

Taking the limit « — 0 in equation (27) we find,
as was advanced in Section 2, that the effect of the
longitudinal heat conduction in the solid becomes neg-
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ligible and the local heat flux from fluid I to the wall
equals the heat flux from the wall to fluid II at each
point of the wall. Since the second of these fluxes is
obviously finite near the upper edge of the wall, so
must be the first, requiring that the wall temperature
and the temperature of fluid T be of the form
[(1-6,).8] ~ x'”. Analogously, (8,0, ~(1—x)'""
near the lower edge. Appropriate variables to deal
with this situation are

g - 0, +x—1
v Xl/s(l__x)l.s ’

and

| _ Ral*(=h2%)
T Wl
b 50

1/4,,4/5° i 15"

v;Ra; "y Xi

s

Jlw i) = (38)
Equations (21)-(24) and (28) were rewritten in
terms of these variables, whereas equation (27) was

replaced by its limiting form
8,

0| 108y
O

= 39
=0 B Ofu (39)

s
=0

and the resulting problem was solved numerically
using the same method commented on before, with a
term 6,,/0t added to the left hand side of equation
(39) during the pseudo-transient.

The solution of this problem does not satisfy the
adiabatic conditions (18) at the edges of the plate.
Evaluating the left hand side of equation (27) with
this solution, we find that it is of order a/y”® near
the upper edge, becoming of order unity for ¥ ~ «*,
where (1—8,) ~ «'®. In this region, and in a similar
region around the lower edge, the effect of the longi-
tudinal conduction in the solid is not negligible.
Analysis of these regions, which is not presented here,
would determine the precise values of the tem-
peratures at the edges.

3.3. Results

The wall temperature distribution resulting from
the numerical solution of equations (18), (21)-(24),
(27) and (28) is plotted in Fig. 2 for Pr,=1, § =0.5
and 1, and different values of &, while Fig. 3 is a sample
nondimensional temperature profile in both fluids for
o = 0.1 and g = Pr; = 1. The results of Fig. 2 show a
flat temperature distribution for & above about 0.5.
For smaller values of «, the temperature of the upper
half of the plate begins to approach the temperature
of the hot fluid, while the temperature of the lower
half of the plate approaches that of the cold fluid. The
same trends persist for smaller values of f§, but the
plate temperatures are lower. For « « 1 longitudinal
heat conduction in the wall becomes negligible, except
in small regions close to the edges. Figure 2 also shows
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Fig. 2. Non-dimensional wall temperature distribution for
several values of o, with Pr, = Pry=1land f =0.5and 1.

the solution in the asymptotic limit « — 0 of Section
3.2

In Figure 4 we compare the wall temperature dis-
tributions from the numerical solution and the two-
term asymptotic solution for large values of a. Here
we chose f =1, Pr,= Pry=1, and two different
values of «. The difference between the two solutions
is rather small for & = 0.5, and decreases rapidly with
increasing . For o < 0.5 the asymptotic solution over-
estimates the longitudinal temperature gradients, and
pronounced discrepancies can be appreciated for
=201

Figure 5 shows the overall reduced Nusselt number
Nu/Ral’*, computed from the numerical and asymp-
totic solutions, as a function of « for f = 0.5 and 1.
As can be seen, the asymptotic solution for large o
predicts correctly the overall Nusselt number for
values of & > 0.5. As was mentioned before, the ther-
mal resistance of fluid II is smaller than that of fluid I
when f§ < 1. It turns out that a decrease of § leads to

(T-To)/(Tie=Tae)

4.0 7o ||
IN|
InS)
08y T4 o
wl s 24
0.4
a= 0.1
0.2
B=Pr=Pry=1
00 ﬁi(0.5+;f);)
B M S T

Fig. 3. Nondimensional temperature profiles in both fluids

for « = 0.1, § = Pr,= 1, and different values of y. Exper-

imental results from ref. [8] for x = 0.25 and 0.75 are also
included.
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6’w
0.7
—— a=0.1 (Numerical solufion,
a o :ﬁ warzcalnhdm}l ]
o gogoa =0, ‘W solubion for a»
0.6 . XXxxx =0.§ FA.rympt solufion for u»lj
L6 1 o

Fig. 4. Comparison of the nondimensional wall temperatures

from the numerical solution and the asymptotic solution

for large values of a. Displayed distributions correspond to
o =0.1and 0.5, and f = Pr;= Pr; = 1.

a Nusselt number larger than for the symmetric case
B = 1. The solutions for § > 1 can be obtained from
those of B < 1 using the invariance of the problem
under the transformation

l
B=>B’ a=af, 0,=21-60,, x=1—1,
Nu Nu
IQIIR 14 ﬁW

Perhaps the most noticeable feature revealed by
Fig. 5 is the increase of the overall Nusselt number
with decreasing a. To explain this result we may begin
recalling that longitudinal heat conduction makes the
plate temperature uniform for large values of «, lead-
ing to constant temperature differences between the
plate and each of the fluids. Then, as o decreases,

]V{J/Ra,’ﬂ
0.40
0.35
0.30 4
0251 p=1 __
=1
0207  PrePro=1 ___ dsymptotic nonn for ¢ »1
---- Numerical sol ’(I)

i — — Asymptotic .mlutum for a «

0.’5 T T T oy TTT TV
0.001 0.01 0.1 1 10
It

Fig. 5. Overall reduced Nusselt number, Nu/Ra!™*, as a func-

tion for «, for f = 0.5 and 1. Results from the numerical

solution (dashed curves) and from the asymptotic solutions
for large and small a.
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Table 1.

1 0.667 0.5 04 0333 0

_F
(Nu/Ra{*),.,  0.242 0291 0.324 0.349 0.367 0.535

longitudinal temperature variations arise in the plate
that increase these solid-to-fluid temperature differ-
ences in some parts of the plate and decrease them
in others. But, since the local heat flux is roughly
proportional to the corresponding temperature
difference to the power 5/4 (cf. the group of trans-
formations mentioned in the paragraph below equa-
tions (31)—(33) and the analysis of the following sec-
tion), the effect of the former regions offsets that of
the latter, resulting in a net increase of the overall heat
transfer. Moreover, we’ll see in the following section
that the temperature drop across the plate reduces the
temperature differences between the surfaces of the
plate and the fluids when o becomes of order &, and
the overall heat flux then decreases with a. Therefore,
a maximum overall Nusselt number exists for some o
verifying &% « o « 1. Values of this maximum Nusselt
number are given in Table 1 for some values of §.
These results, valid in the asymptotic limit ¢ — 0,
correspond to the solution of Section 3.2. Values of

for § > 1 can be obtained from the ones of the table
using the transformation commented on before.

4. CASE ¢ —+0 WITH a/¢® FINITE

In this case the non-dimensional temperature varies
linearly across the plate between values 6,,(x) and
0.1(x) at the faces, with 6,,;(x) — 8.u(x) = O(1). Asin
Subsection 3.2, the longitudinal heat conduction can
be neglected, except in small regions close to the edges
of the plate, and the heat flux from fluid I to the left
face of the wall and from the right face to fluid II are
locally equal to each other, and equal to the heat flux
across the solid. Also as in that case, the facts that the
heat flux in fluid II is finite at the upper edge and the
heat flux in fluid I is finite at the lower edge imply
[(1-8.,),8,] ~ '” for x small and (8,, 8;;) ~(1—yx)"*
for (1—y) small. The variables (38) are still appro-
priate for the fluids, and the conditions that the three
heat fluxes referred to before be equal are

00, o 1 00y
o g2 (Bans () — 00 (1)) = B i ,71,:0.
(40)

For the pseudo-transient numerical treatment, this
equation was written as the pair of equations

00, 80,

=0

&
ot 67‘7] . - ;‘,3 (Gw[[ - 0wl)

and
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B _1 20,

(7‘[ _ﬂ 6’7]1 0

04
- ;2 (ewll - er),

which amounts to assigning a fictitious thermal inertia
to the interfaces.

The regions around the edges where longitudinal
conduction matters are now of length O(¢), com-
parable to the thickness of the plate. The temperature
of the solid in these regions differs from the tem-
perature of the corresponding fluid by amounts of
order &'”,

In the asymptotic limit «/e* — oc, the heat fluxes in
the fluids remain finite and equation (40) implies 8,,; —
0,11, recovering the limit « — 0 of Subsection 3.2. The
lengths of the regions where longitudinal conduction
matters begin to increase when o/¢’ becomes much
larger than ¢~'7.

In the opposite limit, a/e” — 0, equation (40) implies
that the heat fluxes in the fluids tend to zero and most
of the temperature drop occurs in the solid: 8, — 1
and 0, — 0, except in small regions near the edges.
Outside of these regions, the solid and fluid variables
are of the form

45 85
9W=z+l+<5> OW.+O[<E) ] (41)
20 \g? &

and, to leading order,

B = (%)4/5 (7)[(%)1,5 . Pr[} “2)
L &
and
B () () ]
& 14
By = (@) d{(@) fins Pru} @3)
&7 e~

where (£, Pr) and @(&, Pr) are the solution of the
classical problem of a boundary layer with a constant
heat flux at the wall (d¢/dé|, = —1), which can be
found elsewhere [10]. In particular,

Pr

_ s 449PF2 4 10PF\'
¢(0,Pr)=G(Pr)E(—+—r—i—f> .

(44)

To this order, the nondimensional plate tem-
perature is

| =

0, =z+5— (s ) | [G(Pr)Y " (z+3)

ta

1
2

+BUG(Pr (10 =] (45)
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Fig. 6. Nondimensional temperature distributions at both

surfaces of the plate from the numerical solution and from

the two-term asymptotic solution for small values of /e,

Upper curves correspond to the side facing the hot fluid.
Results obtained in ref. [8] are also plotted.

and, evaluating the heat flux across the solid,
q = (A, AT/h)00,,/0z, with this expression, the overall
Nusselt number is

174 475
Tvuz“R‘j' [p%(%) (G(Ph>+ﬁ“"fc?(Pru))].
{3

£
(46)

Notice that, since aRa}'*/e* =(4,/4)/e, this Nusselt
number does not depend on the Rayleigh number to
leading order.

The distributions of 6,,, 6, resulting from the
numerical solution of the problem are plotted in Fig.
6 for several values of a/¢’. The two-term asymptotic
solution (45) is also plotted for a/s* = 0.1 in order to
compare with the numerical results. The discrepancies
are significant for values of a/e? > 0.1, and a third
term would be needed in the asymptotic expansion to
obtain a better approximation. Results for the limit
a/e? — oo are also included in Fig. 6, as well as a couple
of points corresponding to the numerical results of
ref. [8]. Figure 7 shows the overall reduced Nusselt
number, Nu/Raj’*, as a function of a/¢” for two differ-
ent values of . Both the numerical and the two-
term asymptotic solution (46) are plotted. Again the
agreement is good for values of a/e* < 0.1.

Finally, we note that the boundary layer approxi-
mation breaks down when «/¢> becomes of order
Ra7**, giving way to another regime in which the
motion of the fluids occurs in regions of characteristic
size L. For still smaller values of a/¢?, this motion
ceases to be relevant to the heat transfer, which occurs
purely by conduction.
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Fig. 7. Overall reduced Nusselt number, Nu/Ra]'*, as a func-

tion of a/¢?, for f = 0.5 and 1. Results from the numerical

solution (dashed curves) and from the asymptotic solutions
for small and large a/e2

5. EXAMPLE

An overview of the overall reduced Nusselt number
as a function of « for ¢ = 0.1 is presented in Fig. 8 for
two different values of §, (§ = 0.5 and 1). This figure
covers all the possible values of « and demonstrates
the validity of the asymptotic limits we have analyzed.
The results for different values of B coincide in the
pure conduction regime (for very small values of «,
such that « « ¢£2), and begin to separate when the
effect of the natural convection becomes important,
reaching higher values of the reduced Nusselt numbers
for smaller values of f. The two-term asymptotic solu-
tion for a/e? « 1 is applicable up to a/e 2 ~ 0.001, and
the numerical solution for a/e? of order unity, which
does not include the effect of longitudinal heat con-

MI’/ R a[’/4
0.40

0.30

0.20 3 Pt

JE —— Asymplobic solution for o>/
- -—- Numerical solution for a=0(1)

5 aasst Numerical solution for oft ;0(1)
kiich Asymptotic solubion for a/fe’«
/ﬁ 20000 Bef. 16 for Pri=0.7

0.00 ——rrrrm—r T
0.0001  0.001

0.10

0.01 0.1 1 10
o

Fig. 8. General view of the overall reduced Nusselt number,

Nu/Ral’*, as a function of &, for § =0.5and 1, and ¢ = 0.1,

obtained from the numerical and the asymptotic solutions.
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duction, covers all the parametric space up to o =~ 0.1.
For comparison, we have included in Fig. 8 the result
of ref. [6] for f =1 and Pr; = 0.7. If the effect of the
slightly lower Prandtl number were corrected, this
point would shift upwards approaching the dashed
curve. The numerical solutions obtained in Section 4
for a/e’ = O(1) and in Section 3 for « = O(1) meet
with each other in a fairly smooth way for « about
0.1. 1t is here that the effect of longitudinal heat con-
duction first enters the solution, and also where the
reduced Nusselt number reaches its maximum. This
maximum is close to the value found in Section 3.2
for ¢ — 0.

By way of illustration, let us compare briefly these
results with the experimental results of Sakakibara et
al. ([8]). In their experiments, two expanses of air at
temperatures 7, = 302.7 K and T, = 292.5 K are
separated by a plate 20 cm high and 2 cm wide. With
these data, the Rayleigh number is Ra; = 7.455 x 10°
and the values of ¢ and f are 0.1 and 1, respectively.
The computed values of o are x = 8.8 for an alu-
minium plate and « = 0.0796 (a/e* = 7.96) for a Pyrex
glass. In the first case, the relatively large value of o
indicates that the non-dimensional wall temperature
is very close to 0.5 and the longitudinal heat con-
duction is extremely important. The second case is at
the border of the two cases analyzed in the present
work, and the longitudinal heat conduction is not
important. The experimental temperature profiles cor-
responding to this case have been transformed to our
variables #, and included in Fig. 3. The small dis-
crepancies between the numerical computations and
these experimental results can be attributed to two
different causes. Firstly, the slightly different values of
the Prandtl numbers (0.71 vs 1) and of « are no doubt
responsible for the boundary layer appearing thinner
in the computations than in the experiment. Secondly,
the temperature drop across the plate is not entirely
negligible in this experiment (nor does our analysis
predict otherwise), whereas this effect was not
included in the computations of Section 3. This is the
reason for the discrepancies of the point on the right
side of the plate in the profile for ¥ = 0.25 and of the
point on the left side in the profile for ¥ = 0.75. An
idea of the magnitude of the temperature difference
between the two sides of the plate can be obtained
from the evolution of the couples of curves in Fig. 6
for the three values of a/e? displayed. The temperature
difference should be small for «/e* = 7.96, according
to these results, but still of the order of the dis-
crepancies in Fig. 3. Thus, overall, we conclude that
the comparison is favorable. Regrettably, no value of
the Nusselt number appears in ref. [8], preventing
direct comparison for this important quantity.

6. CONCLUSIONS

In this paper we have studied analytically and
numerically the conjugated heat transfer across a wall
separating two fluids at different temperatures. For
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large Rayleigh numbers, this problem depends on five
nondimensional parameters: o, f§, ¢ and Pr. All of
our results correspond to the asymptotic limit & — 0.
Guided by the order of magnitude analysis of Section
2, we have discussed separately the case in which o
remains finite as ¢ tends to zero and the case in which
o/¢” remains finite.

In Section 3 we have formulated and numerically
solved the problem for the first of these cases. In
addition to obtaining the numerical solution, we have
analyzed the asymptotic limits of large and small o.
In the high « limit, the longitudinal heat conduction is
extremely important in the plate and must be retained,
whereas the temperature variation across the plate is
very small and can be neglected (which does not mean,
of course, that the transversal temperature gradient is
negligible ; it is important and is always accounted for
in the analysis). This transversal temperature vari-
ation grows when o decreases, becoming of order
Tioo — Tt fOr o Of order 2. The limit o — oo is regular,
and the asymptotic solution is sought as an expansion
in powers of «~'. Comparing this asymptotic solution
with our numerical results and with those previously
published in the literature, we find that a two-term
expansion already gives very good results for values
of « as small as 0.5. The influence of §, which takes
values from 0 to oo, and of the Prandtl numbers are
explicitly shown in our asymptotic solution [see equa-
tions (35), (36) and the Appendix]. For very large
values of 8, the problem reduces to that of a uniform
plate temperature, equal to the temperature 7, of the
hot fiuid at the left of the plate. In the opposite limit
of very small values of f, the temperature of the plate
takes the value Ty, of the cold fluid at the right.
We have given particular attention to the case f = 1,
which includes the situation in which the fluids at both
sides of the plate are the same.

The limit « — 0 is analyzed in Section 3.2. In this
limit, the effect of the longitudinal heat conduction is
very small and can be neglected except in small regions
that appear around the edges of the plate in order to
satisfy the adiabatic boundary conditions. The solu-
tions in these regions are complex and are omitted
here, but they have only a local effect. The overall
Nusselt number in this asymptotic limit is the
maximum attainable for given values of § and the
Prandtl numbers.

The case of /¢ finite as ¢ — 0 has been discussed in
Section 4. Numerical solutions of the corresponding
problem have been obtained for o/e> = O(1), whereas
the mathematical problem for «/e®> 1 is seen to
coincide with that of Section 3.2. The singular limiting
case a/¢’ « | has been also analyzed, working out a
two-term asymptotic expansion. In this limit we
obtain good qualitative agreement with our numerical
results and with those of refs [6] and [8], and probably
a third term in the expansions would bring the asymp-
totic results to quantitative agreement.

The full parametric dependence has been presented
in all the asymptotic limits analyzed. The overall non-
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dimensional heat transfer rates are obtained both
from the numerical and from the asymptotic solu-
tions, when applicable. For large values of «/é?, the
overall Nusselt number increases with decreasing o
and does not depend on ¢, while, for values of /e’ of
order unity, the overall Nusselt number decreases with
o at ¢ constant. From this, we conclude that the overall
Nusselt number is maximum for a finite value of «
verifying &% « a « 1.
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APPENDIX

The solution of equations (18), (21)—(24), (27) and (28)
for o >» 1 can be written in the form (i = I,1I)

*

z 1 1 z 1

by =3 — 0,00, 8i=Y —0;0n). fi= L —fi(xn)
j=00 =00 f=00

(A1)

where the leading terms of these series are given by equations
(35), (29) and (30). In this Appendix we compute the second
terms.

First, carrying equations (29), (30) and (A1) into equation
(27), collecting terms of order unity, and integrating twice
the resulting equation, we find
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Our = 3 Gi(1=040)** (1 =)+ —17* +C))

n=2

N
= ;Gr(l 79w0)5"4<1 +C ="+ Z anX")

N

Z an) (A2)

n=2

= ;—TGI(I_GWO)&A(C] +43+Xn

where C, is an unknown constant and, for convenience, we
have written 8, in two alternative forms as power series of
xr and of ;.. Here a, are the coefficients of the binomial
expansion of (1—y)™.

Second, as can be easily verified by substituting equation
(A1) into equations (21)—(24) and (28) and collecting terms
proportional to «~', the quantities 8, and f;;, (i =L1I)
satisfy linear problems whose solutions for a surface tem-
perature of the form 6, = Ay? would be

Ju = Axi( _9\»0)73“’481[(1 —0u0) " Pr].
O = — Ay, [(1—040) ' m, Pry], (A3)

and

Juu = AXI"I()W]“‘gl [0 . Pral, O = Axid: [0, Prul,
(Ad)

with g,(&, Pr) and ¢, (&, Pr) satisfying

d’g, 1{ dg dg. 3dg 3 dg]
et +¢’+Pr{ ade Tagp® At e
dgdg, d’¢ N _
[dé 0 gk ]m0 @A
dg 3 d  3do d¢ _
4z +4g az +4d5&'|_ d’l g]=0,
(A6)
d
g,:d“'gjz(z),q:o at £=0
dgl___ .
and E?—QS.:O for {—ooc. (A7)

The functions G,(n, Pr) = —d¢,/d&|;_, obtained from the
solution of equations (A5)-(A7) are given in ref. [9].

Then, taking advantage of equations (A3) and (A4) and
of the series expansions (A2) for ,,,, and applying the super-
position principle to the linear problems for f;, and 6;,, we
immediately obtain
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aa% T DG (1-6,0)*?
x ((1 +CG (0, Pr)—G (%, Pryy”*
N
+'§2 a,Gy (n, Prl)x">- (A8)
and
‘:i L ~H G 0,0) 05
x ((c, +G (0, Pry) + G, (&, Pr)y*
.
—n; a,G,(n, Pr”)xﬁ). (A9)
Finally
(P
C = %, (A10)

is obtained by carrying equations (A8) and (A9) into equa-
tion (27) and integrating this equation over y, with the bound-
ary conditions (18). Here,

— ﬁgl v 3 a,Giu(n)
HN_(G"> (14Glll(0) GHI( )+nz,‘( n+1)>
7 il HG]I
_Gl,(o)+%c.1(;)~;‘(’ﬂn (T; (All)
G] 1/5
Hp = GII(O)+<%> Gi(0), (A12)
u

and we have used the notation G,(n) = G,(n, Pr;). Notice
that both Hy and Hy, are zero for the particular case in which
the fluids at the two sides of the plate are the same. In this
case symmetry implies 8,,,(1/2) =0 and C, = —7/8.

The factor F(Pry, Pry, B) in the correction equation (37) to
the Nusselt number equation (36) can now be evaluated as

GII

16 G, ,
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